Abstract. We achieve the quantization of the full Einstein equations in a globally hyperbolic spacetime by considering a given foliation by Cauchy hypersurfaces such that the metric is split. The tangential components of the Einstein equations can be recovered by a pair of Hamilton equations while for the normal components we added an appropriately modified evolution equation for the second fundamental forms of the foliation hypersurfaces which will serve as the defining equation for the Hamilton constraint. Due to a former result these equations are equivalent to the full Einstein equations. Quantizing the Hamilton equations in a canonical way we obtain a hyperbolic equation in the spacetime. It turns out that this equation is identical to the quantization of the modified evolution equation yielding the desired result.
Introduction
The quantization of gravity is hampered by the fact that the EinsteinHilbert Lagrangian is singular. Switching to a Hamiltonian setting requires to impose two constraints, the Hamilton constraint and the diffeomorphism constraint. Though we were able to eliminate the diffeomorphism constraint in a recent paper [5] , the Hamilton constraint is a serious obstacle. We quantized the Hamilton constraint in [5] , but this is only equivalent to the quantization of the normal components of the Einstein equations with respect to a given foliation of a spacetime N by Cauchy hypersurfaces. In this paper we achieved the quantization of the full Einstein equations by applying Arnowitt, Deser and Misner's approach, cf. [1] , to solve the tangential components of the Einstein equations. For the normal components we added the evolution equation for the second fundamental forms of the foliation hypersurfaces which can be described as the solution hypersurfaces of a geometric flow. Altering this evolution equation appropriately we prove that any solution of the Hamilton equations and the modified evolution equation satisfies the tangential as well as the normal components of the Einstein equations, hence it satisfies the full Einstein equation in view of a former result [5, Theorem 3.2] , i.e., these equations are completely equivalent to the Einstein equations.
The modified evolution equation is a second order equation for the metric components g ij which will serve as a dynamic equation defining the Hamilton constraint. It is worth noting that the unmodified evolution equation is equivalent to the second Hamilton equation for the conjugate momenta when it is already known that the tangential Einstein equations are satisfied. To achieve the quantization of gravity we will have to quantize the Hamilton equation which can be done in a canonical way to obtain a hyperbolic equation in N . Not surprisingly the same hyperbolic equation can also be obtained by quantizing the modified evolution equation, hence the full Einstein equations have been quantized by a single hyperbolic equation.
Here is more detailed description: Let N = N n+1 be a globally hyperbolic spacetime and let x 0 be a time function that splits the metric, i.e., can be written in such a way that the tangential components of the Einstein equations can be equivalently described by a pair of Hamilton equations with variables g ij and momenta π ij . To solve for the normal components we added the appropriately modified evolution equations of the second fundamental form, h ij , of the foliation hypersurfaces M (t) which can be considered to be the solution hypersurfaces of the geometric flow
where ν is the past directed normal of the hypersurface. Due to a former result [5, Theorem 3.2] the Hamilton equations and the modified evolution equation for h ij are then equivalent to the full equations:
1.1. Theorem. Let N = N n+1 be a globally hyperbolic spacetime and let the metricḡ αβ be expressed as in (3.2) on page 6. Then, the metric satisfies the full Einstein equations if and only if the metric is a solution of the Hamilton equations (3.39) and (3.40) and of the evolution equation (3.37) on page 9. These equations are equations for the variables g ij . The function w is merely part of the equations and not looked at as a variable though it is of course specified in the componentḡ 00 .
Canonical quantization of the Hamilton equations then leads to an equation which should be regarded as a hyperbolic equation for the g ij where the metric has to be replaced by an arbitrary tensor field u ij . Not surprisingly the resulting equation is the unmodified evolution equation for the h ij ; taking into account that the metric is supposed to solve the modified evolution equation too, the resulting equation is then identical to the modified evolution equation, i.e., the hyperbolic equation will then be the quantum equivalent of the Hamilton equations as well as of the geometric evolution equation and hence of the full Einstein equations.
The quantum equivalent of the Einstein equations is summarized in the theorem:
1.2. Theorem. Let N be a globally hyperbolic spacetime and let x 0 be a time function that splits the metric, then the quantum equivalent of the Einstein equations
is the hyperbolic equation
When the metricḡ αβ satisfies (1.5) then the equation is simply
The tensor field u ij is a section of the bundle E
Let us call the operator on the left-hand side of equation (1.6) H, then the Cauchy problem (1.9)
Hu ij = 0
sym (S 0 )), has a unique solution
which is spacelike compact. The existence and regularity result for the Cauchy problem is well known, see e.g., [6] and [2] .
Definitions and notations
The main objective of this section is to state the equations of Gauß, Codazzi, and Weingarten for spacelike hypersurfaces M in a (n+1)-dimensional Lorentzian manifold N . Geometric quantities in N will be denoted by (ḡ αβ ), (R αβγδ ), etc., and those in M by (g ij ), (R ijkl ), etc.. Greek indices range from 0 to n and Latin from 1 to n; the summation convention is always used. Generic coordinate systems in N resp. M will be denoted by (x α ) resp. (ξ i ). Covariant differentiation will simply be indicated by indices, only in case of possible ambiguity they will be preceded by a semicolon, i.e., for a function u in N , (u α ) will be the gradient and (u αβ ) the Hessian, but e.g., the covariant derivative of the curvature tensor will be abbreviated byR αβγδ;ǫ . We also point out that
with obvious generalizations to other quantities.
Let M be a spacelike hypersurface, i.e., the induced metric is Riemannian, with a differentiable normal ν which is timelike.
In local coordinates, (x α ) and (ξ i ), the geometric quantities of the spacelike hypersurface M are connected through the following equations In this implicit definition the second fundamental form (h ij ) is taken with respect to ν.
The second equation is the Weingarten equation
, where we remember that ν α i is a full tensor. Finally, we have the Codazzi equation
and the Gauß equation
. Now, let us assume that N is a globally hyperbolic Lorentzian manifold with a Cauchy surface. N is then a topological product I × S 0 , where I is an open interval, S 0 is a Riemannian manifold, and there exists a Gaussian coordinate system (x α ), such that the metric in N has the form
where σ ij is a Riemannian metric, ψ a function on N , and x an abbreviation for the spacelike components (x i ). We also assume that the coordinate system is future oriented, i.e., the time coordinate x 0 increases on future directed curves. Hence, the contravariant timelike vector (ξ α ) = (1, 0, . . . , 0) is future directed as is its covariant version (ξ α ) = e 2ψ (−1, 0, . . . , 0). Let M = graph u |S 0 be a spacelike hypersurface
then the induced metric has the form (2.9)
where σ ij is evaluated at (u, x), and its inverse (
where (σ ij ) = (σ ij ) −1 and
Hence, graph u is spacelike if and only if |Du| < 1.
The covariant form of a normal vector of a graph looks like
and the contravariant version is
Thus, we have 2.1. Remark. Let M be spacelike graph in a future oriented coordinate system. Then the contravariant future directed normal vector has the form (2.14)
and the past directed
In the Gauß formula (2.2) we are free to choose the future or past directed normal, but we stipulate that we always use the past directed normal. Look at the component α = 0 in (2.2) and obtain in view of (2.15)
Here, the covariant derivatives are taken with respect to the induced metric of M , and
where (h ij ) is the second fundamental form of the hypersurfaces {x 0 = const}. An easy calculation shows (2.18)h ij e −ψ = − 1 2σ ij −ψσ ij , where the dot indicates differentiation with respect to x 0 .
Combining the Hamilton equations with a geometric evolution equation
Let N = N n+1 be a globally hyperbolic spacetime with metricḡ αβ . We consider the Einstein-Hilbert functional
with cosmological constant Λ and want to write it in a form such that the Lagrangian density is regular with respect to the variables g ij so that we can switch to an equivalent Hamiltonian setting for these components. Let x 0 be time function that will split the metric such that the metric can be expressed in the form
where (x i ) are local coordinates of a coordinate slice
Let us define the level sets
The coordinate system should also be future oriented such that {x 0 > 0} is the future development of S 0 .
Let h ij be the second fundamental form of the slices M (t) with respect to the past directed normal, i.e., the Gaussian formula looks like (3.7)
x α ij = h ij ν, where ν is the past directed normal. Then (3.8)
and the functional (3.1) can be expressed in the form
where Ω ⊂ N is some open subset of R n , R the scalar curvature of M (t),
the mean curvature and
. This way of expressing the Einstein-Hilbert functional is known as the ADM approach, see [1] . Let F = F (h ij ) be the scalar curvature operator
and let
In physics
is known as the DeWitt metric. Combining (3.8) and (3.14) J can be expressed in the form
The Lagrangian density L is a regular Lagrangian with respect to the variables g ij . Define the conjugate momenta
and the Hamiltonian density
Let us now consider an arbitrary variation of g ij with compact support
where ω ij = ω ij (t, x) is an arbitrary smooth, symmetric tensor with compact support in Ω. The vanishing of the first variation leads to the Euler-Lagrange equations
i.e., to the tangential Einstein equations. We obtain these equations by either varying (3.1) or (3.9).
To obtain the full Einstein equations we look at the flow 
Replacing nowR ij in (3.27) we obtain
Dropping the term containing the braces the resulting equation We have therefore proved:
3.2. Theorem. Let N = N n+1 be a globally hyperbolic spacetime and let the metricḡ αβ be expressed as in (3.2). Then, the metric satisfies the full Einstein equations if and only if the metric is a solution of the Hamilton equations (3.39) and (3.40) and of the evolution equation (3.37). These equations are equations for the variables g ij . The function w is merely part of the equations and not looked at as a variable though it is of course specified in the componentḡ 00 .
The quantization
We define the Poisson brackets We want to quantize the evolution equation for h ij using canonical quantization. Since the Hamilton equations do not reflect the fact that the Hamilton constraint is also satisfied the resulting equations derived from the Hamilton equations will also contain a multiple of
as additive term. This will be fine, since we know that (4.4) vanishes. Therefore, when we compare the time evolution of h ij , i.e., we shall use the equation (3.36) instead of (3.37) on page 9 to be absolutely precise. Let us note the time evolution for the mean curvature which is 
4.1.
Lemma. The time evolution of π ij , given in (3.40) on page 9 can also be derived by using
and the time evolution for h ij and H in (3.36) on page 9 and 4.7.
Proof. Let us first note that the relation (4.9) follows from (3.18), (3.16) on page 7 and (3.15) on page 7. Secondly, we have
In the lemma below we shall prove
and a simple but somewhat lengthy computation will reveal
where the indices are lowered with the help of g ij . Moreover, differentiating
Now, we have all necessary ingredients such that, by applying the product rule to (4.9) and using (4.10), (4.11), (4.12), (4.14), (4.8) and (3.36) on page 9, the lemma is proved.
4.2.
Lemma. Let M be a Riemannian manifold with metric g ij , scalar curvature R and let w ∈ C 2 (M ) and Λ ∈ R, then the equation Let g ij (ǫ) be a variation of g ij with support in Ω such that
and denote differentiation with respect to ǫ by a dot or prime, then the first variation of J with respect to this variation is equal to
Again we only consider the non-trivial term
It is well known that 
where we omitted the notation of the density √ g. Let us agree that each row of the preceding expression contains three integrals. Then the first integrals in each row cancel each other, the second in the first row is equal to the third integral in the second row and the third integral in the first row is equal to the second integral in the second row. Therefore, we obtain by integrating by parts 
We can now prove:
4.3. Lemma. The evolution of h ij as given in (3.36) on page 9 can also be expressed as
Proof. From (3.18) on page 7 we deduce (4.26)
i.e., we can express h ij as
where f ij does not depend on t explicitly nor on ξ, but the latter is unimportant. Differentiating with respect to t we obtain Let us now quantize the Hamiltonian setting. The variables g ij and π kl are now operatorsĝ ij andπ kl , the Poisson brackets are replaced by commutators and the relation (4.2) transforms to
all other commutators vanish. We considerĝ ij to be the multiplication operator andπ kl to be a differentiation
Hence, when
is a function and
The aim of canonical quantization is to use the Hamilton equations to obtain a hyperbolic equation in N for the variable g ij replacing g ij by an arbitrary symmetric tensor u ij in the end. This hyperbolic equation is then supposed to be the quantum equivalent of the Einstein equations. In our case we have to observe that the Hamilton equations describe only one part of the Einstein equations. To cover the full Einstein equations both the Hamilton equations as well as the evolution equation (3.37) on page 9 have to be satisfied. Our best bet, especially in view of Lemma 4.3, is the quantization of equation (4.25).
Hence, consider (4.37)
to be an operator, we shall omit any embellishments in the following, and define (4.38)
Then, the evolution of h ij is governed by the equation
Since we are now dealing with operators we are using the following ordering in the main part of H (4.40)
though we doubt that this is really necessary-we did not check it.
To avoid clutter let us emphasize that, before the commutation rules have been exercised, terms with indices ij and ab have arguments x, while those with indices rs and kl have arguments x ′ . These stipulations also apply to any functions or densities which are grouped with the tensorial quantities by braces, like
Furthermore, we note that
and, similarly,
Hence, looking at the expression
we conclude that (4.44) is equal to
where (4.46)
Here, we point out that quantities in I 1 , I 2 and I 3 are considered to be densities, functions or tensors having regained their original meanings. It remains to consider
where (4.50)
Looking at the equations (4.37) and (4.39) we conclude (4.51)ḣ ij = i{I 1 + I 2 + I 3 + I 4 }.
After a simple but lengthy computation, where we also used (4.11), it turns out that the result is exactly the evolution equation (3.36) on page 9. Since the metric is also a solution of (3.37), i.e., it satisfies (4.52)
we conclude that the resulting equation, after quantization, is the original evolution equation (3.37) which defines the condition in (4.52). As mentioned before we are looking for a hyperbolic equation for g ij , thus let us use
Now, it is well known that the Ricci tensor can be considered to be an elliptic operator for the metric, because (4.55) [7] .
In this formula we want to replace g ij by an arbitrary symmetric tensor field u ij . In order to do this correctly let us first define the appropriate tensor bundle.
4.4.
Definition. Consider the spacetime N with fixed time function x 0 that splits the metric and let M (t) the associated foliation hypersurfaces. In each M (t) let T 1,0 (M (t)) be the corresponding tangent bundle, then we define the bundle E 1 with base space N and fibers (4.57) T
1,0
x (M (t)) in (t, x). In the fibers we consider the connection x (M (t)) in (t, x). We define the bundle E to be the subbundle
sym (E 1 ) the fibers of which are the symmetric tensors u ij .
The covariant derivatives of a smooth tensor field, a section,
is then defined by 
4.5.
Lemma. Let us denote by O any quantity that vanishes after choosing normal coordinates at a point (t, x) ∈ M (t). Adding the identity
to the right-hand side of (4.55) let us replace g ij by u ij to obtain Then, after choosing normal coordinates in a fixed point (t, x) ∈ M (t), (4.70) is equal to (4.67).
Proof. To simplify the notation let us multiply both sides of (4.55) by the factor 2, then Hence, we have proved 4.7. Theorem. Let N be a globally hyperbolic spacetime and let x 0 be a time function that splits the metric, then the quantum equivalent of the Einstein equations which is spacelike compact. The existence and regularity result for the Cauchy problem is well known, see e.g., [6] and [2] .
